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ABSTRACT: The effect of de Sitter transformations on Tsamis and Woodard's solutions 
to the linearized gauge fixed equations of motion of quantum gravity in a de Sitter space 
background is worked out explicitly. It is shown that these solutions are closed under the 
transformations of the de Sitter group. To do this it is necessary to use a compensating 
gauge transformation to return the transformed solution to the original gauge. 



De Sitter space is the unique maximally symmetric solution to Einstein's gravitational 
equations with a positive cosmological constant. Therefore, it is interesting to study quantum 
effects on de Sitter space, as they may provide a solution [1] to the cosmological constant 
problem [2]. Of course perturbative quantum gravity is nonrenormalizable, but it can still 
be used as a low-energy effective theory to study infrared effects. 

Recently the propagator for quantum gravity in a de Sitter space background has been 
found [3], and the linearized gauge- fixed equations of motion solved [4]. This has been 
accomplished by using a conformal coordinate system which only covers half of the full de 
Sitter space manifold. However, the de Sitter group, the fundamental set of symmetries 
of the de Sitter background, contains transformations which take us out of this restricted 
submanifold. For this reason, and also because the gauge which was used is not de Sitter 
invariant, it is not obvious that the solutions of the equations of motion will transform into 
themselves under the de Sitter group. 

In this paper we will show that these gauge-fixed solutions still possess de Sitter invari- 
ance. We will show that since the gauge used is not invariant, it is necessary to combine de 
Sitter transformations with gauge transformations which return the de Sitter transformed 
solutions to the chosen gauge. We work out in detail the de Sitter transformation of an 
arbitrary solution, and show explicitly that the set of solutions is closed under the de Sitter 
transformations. 

D dimensional de Sitter space may be defined as the surface of constant length 1/ H from 
the origin of D + 1 dimensional Minkowski space. The D coordinates x°, x l necessary to 
describe de Sitter space may then be constructed as functions of the Minkowski embedding 
space coordinates X°, X\ X D . We will use the conformal coordinate system of Tsamis 
and Woodard [3]: 

xfX~X . . 



The inverse of this mapping is 



_ 

Xl = Wu ^ 
X - 2H\ (2C) 



The induced de Sitter space metric is then 



2 —du 2 + dx l dx % 
ds = ^ , (3) 



hence the name "conformal". 



The de Sitter group is the Lorentz group of the D + 1 dimensional embedding space. It 
will be convenient to parametrize it as follows: 

5X° = \{d l -a r )X l + bX D (4a) 

5X l = \d\x Q + X D ) - ^a\X° - X D ) + c lJ X J (4b) 

5X D = bX° -\{a l + d i )X i (4c) 

Using (1), it is straightforward to calculate the effect of these transformations on the de 
Sitter coordinates: 

8u = —bu + Ha l ux l (5a) 
Sx i = 277<f + \Ha\u 2 - xV) + Ha?x l x^ + c*V - bx l (5b) 
Note that these rules may be written in a pseudo-covariant form 

Sx* = 2^ + d*" - bx» - \Ha^x v x v + Ha v x^x v (6) 

if we take all zero components of a, c, and d to be zero. 



Now we allow the metric to vary about the de Sitter space background: 

9nv = 9plv + Khfj,i, (7) 

where 

9/j.v — H l u -2 f]\iv (8a) 

and 



/ n3-D/2 

V = [th ) X^u ( 8b ) 



It is not hard to show that the background metric g is invariant under the de Sitter trans- 
formations (5). The perturbation h will transform as a tensor, so the rescaled quantity x 
will transform as 

SXfiiy = ~X^,p - (t ~ 3 )hx»v Sx° - x P v Sx^ - Xpv Sx% (9) 

We now wish to investigate the effect of these transformations on the gauge fixed solutions 
to the equation of motion for x- Following Tsamis and Woodard [4], these solutions are found 
by seperating x into three parts, as 

Xij = # + 1 j=s8 ij (-4! e + ec) (10a) 

XOi = 4 ( 10b ) 

X00 = e C (10c) 
The gauge is fixed by setting — 0, where 

F, = X% - \x% - (^) Xl - (^) ij 4 (ID 
This condition may be enforced by setting 

ec = 4 = # = = 0. (12) 
4 



This set of conditions is stronger than = 0, but for solutions to the linearized field 
equations, there is always enough residual gauge invariance to impose (12) after imposing 
= 0. Then the equation of motion for e a is 

D a e a = [d 2 + e a = (13) 

This equation is solved by 

4? = I [>'$ Xa(u, x- k) + c.c.] (14) 

where the basis functions Xa have the form 



Xa(u, x, k) = J ^nkuH^^ (ku) exp(ik ■ x — i-jj + i^-n) (15) 

Since (12) is clearly not de Sitter invariant, 5x as given by (9) will not obey the same 
gauge conditions as the original x- It wm t> e necessary to restore (12) by gauge transforma- 
tions. Thus the full effect of the de Sitter transformation on a gauge fixed soultion will be 
made up of three parts: 5\, given by (9); a gauge transformation 62 to restore F^ = 0; and 
another gauge transformation £3 to restore (12). 

We now calculate explicitly the effect of (9) on the e's. We find 

5ji = - fgx lhk + c kl (x k X ij > 1 + S lk X jl + S jk X il ) 

+ b{x k X tJ ' k + ux lJ >° + (3 - f )x iJ ) + Ha k \-^u 2 X ij ' k + \x l x l X ^ k (16a) 
- x k x l x 1 ^ 1 - ux k x ljfi + (1 - %)x k x lJ + x l X jk + x j X ik - x l 5 lk x jl - x l P k X il 

£ ie * = -Ha^ux lJ (16b) 
5ie c = (16c) 
Consequently, the change in the gauge fixing quantity F^ is 

5iF = (17a) 
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5^ = 2Ha k Xlk (18b) 

We wish to find a gauge transformation 62 which cancels these results. Under a gauge 
transformation characterized by a parameter e /i (w, x), the variation of x is 

h Xixv = ~ - ^=rM° + e^JJ) + |^e° (19) 

From (19), we see that if we choose eg = 0, then xoo — wm be preserved. Then we have 

h e c = (20a) 

h 4 = -e lfi - ^e t (20b) 

h £a = ~ e i,j ~ + hj e k,k ( 20c ) 

SO 

S 2 F = (21a) 
5 2 Fi = -Dae, (21b) 
Therefore we need to look for an such that 

D a e, = 2Ha k Xl k (22) 

A solution is 

We can add any e' such that D a e^ = 0. Let us use this residual gauge freedom to take to 
zero. Calculating what we have so far, 

J^jD^W Xa (24) 

This can be easily cancelled by a gauge transformation £3 parametrized by 

d D-l k A ^ 



e . = _ (jD _ i) Ha 3 I ____ Xa (25 ) 
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We have now completely restored the original gauge conditions. What remains is the 
straightforward but tedious calculation of 8e a . We will not give the details of this calculation, 
except to note that there will be many factors of x, which one must get rid of by writing 

- d - _ 

Xfc exp(ik ■ x) = —i-^^exp(ik ■ x) (26) 

and integrating by parts on k k . This of course generates derivatives of the Hankel function 
but in the end these are all eliminated and one is left with 

fcS? = / T^rc^r 8AV X a(u, x- k) (27) 



with 



SA*i = -^k k d k A^ + c kl k k ^- + c lk Ai k + 6> k A ik + b{% + 2-lD-k-^jA l] 

A" (28) 



-Ha k 



iD(D-2)k k k k ik k | (%D | k\ d ik k d 2 | -U d2 

8F + m 2m + \-r + h) dk k ~^ dk W + dk k dk l 



+Ha k + ^ + i^) A * - iHa^ + Ha k ( *g£ + + A ik - iHa^ 

\V Hk dk i J Q k l \2k^ Hk g k j J Q k l 

It is straightforward to verify that this result satisfies the gauge conditions 

8A U = k 3 5A l] = (29) 

In conclusion, we have shown that the set of solutions to the linearized gauge fixed 
equations of motion are closed under de Sitter transformations, and have given the explicit 
transformation laws for these solutions. It would be interesting to classify these solutions 
into irreducible representations of the de Sitter group. Equation (28) will be the starting 
point for any such analysis. 

I thank R. P. Woodard for suggesting this problem, and for helpful discussions. This work 
has been supported by the department of energy under contract DOE-AS05-80ER-10713. 
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